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225 Comparison of Different Discrete Controllers

~1 1 2 1 8
X1 = 3 _ Xk+2 Ouk' Xo:4

a. Find the open-loop control Uy, U, to drivetheinitial stateto X, = O while minimizing the cost
1 1
J. =3 kZ
Check your answer by “simulation” (i.e., apply your U,, U, to the plant to verify that X, = 0)
Penyelesaian :

> Persamaan state :

X1 = AX +Bu,,

dimana: A= {_

» Hamiltonian:

1 2 1
, B=

-1 2 0
1

z TRu, + pr..{Ax, +Bu,},

k:

2 0
dimana R =
B

»  Persamaan Costate:

W -

oH -3 3
pk axk pk+l % 1 pk+l
» Stationary:
6H 2 0 2 2
0= =Ru, +B' u, +
auk K Py = {O J K L_ O} Pr1
sehingga:
1012 2 -1 -1 -1 -1 N-k-1
- _RIB" __|2 _ - AT
pk+l |:O 1:||:1 Oj| pk+l |:_1 O :| pk+l |:_1 O :|( ) pN
N =2, maka:

u, = {_i ﬂ(AT) P,

k1 .
> X = A% - Y AXTIBRBT (AT p,
i=0

Sehingga :



1 _ _
X, = A%, — > A" BRBT (AT p,

i=0

Gy, = le A-BRBT(AT)" =(ABR'BTA )+ (BR'B")
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b. Find aconstant state variable feedback to input component one of the form

uy = —Kx,

where U, = [ui u,f ]T , to yield a deadbeat control (all closed-loop poles at the origin). Find the closed-loop state
trgjectory.
Penyelesaian :
Misakan :
K= [k1 kz]
Maka:
8 120
Ué:—KXO:—[kl k2]|:4:|:Z:_8k1_4k2 (1)

412

ul = —Kx =—[k, kz]{&} — 88=-412k, —1060k, ...(2)

41

makadari (1) dan (2) diperoleh K, = —0,40259 dan k, = 0,0734.
Jadi, K =[—O, 40259 O, 0734]



c LetJ, = 10X£ X, +J,, with J, asin part a Solve the Riccatti equation to determine the optimal control U, U, .

Find the optimal cost.

Penyelesaian:

1& 2 0
J =10xIx, +=> u/ u,
c 2 2 2; k{o ]} k

20 O 00 2 0
berarti : S, = Q= - R=
0 20 00 01

Persamaan Riccatti:

Sk = Q + AT Sk+l(| + BR_lBT Sk+1)_1A = AT S|<+1(| + BR_lBT Sk+1)_1A
Maka:

S, =ATS,(1+BRB'S,)"

A
L P (FR P P [
% -1/lo 20f|0 1] |2 2|0 20 3 -1
-10 60761 40]°[-% Y
"1 10 -2040 41] { }
-10 60“4901 _4%01 _% %
L 10 _20___4%01 _461901}|: :|

13585 —5465
401 901}

—5465 2225
L 7z 901

Kontrol Optimal :

u, =-R'B'S,,(1 + BR'B'S,,, ] Ax,

Maka:

> Uy, =—R'B"S,(I +BR'B"S, ] AX,
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1

> U =-RBTS,(I + BR'B'S,)” Ax,
[-1 -1f20 o1 0] [3 2J20 O]\ [-% x|®
"1 0o 20||o 1|72 2|0 20|] | 3 -1]4
___ 20 -20| Y e | =X K| 8
[-20 0 || %, %l 3 -1]4
_ i o1 | =Y 2|8
- _782%01 800601 3 -1j4

[ e | [ 2176
| e || —3,380

36941_|

> X% = AX, + Bu,
— _% %_ _8 + 2 1 3652%2523 — - 2 + 15007%2523 — 12502%2523 -~ 9)984
3 _1_ _4 2 O 110051789 20 7304012523 32350%2523 25,832
> X, =Ax, +Buy,

[-% x| 994 N 2 1[-2176] [7.924 N ~7,733] [ 0191
| 3 -1|25832| |2 0|-3380| |4119| |-4353| |-0,234

Optimal Cost
14 L[2 0
J.=10x %, += > u, u
c 272 2% k|:0 1j| k
01917 1 2 02916 2 0][-2176
=10[0191 -0,234 +=4[2916 6,151 +[-2176 3,380
-0,234| 2 0 1] 6151 0 1]-3380

= [0,909] + % {[54,849]+[20,902]} = [0,909] + [37,876] = [38,785]

d. Comparethe state trgjectories of partsa, b, and c.
Penyelesaian :
»  Untuk fixed final state diperoleh:

__8_. __% . |0
"7 Xl—}XzM
» Untuk freefina state diperoleh :
8] [9984] 0,191
=147 25 832} B {—o, 234}
Perbandingan trgjectory untuk fixed dan free fina state, dapat dilihat pada gambar berikut :




€. Now suppose X; = [1 Z]T . How must the controls of parts a, b, and ¢ be modified?

Penyelesaian:
» Bagian a: Kasus open loop control (fixed-final state) dengan

X-OX-[lZ,danJ:%i { }

k=

maka anal og dengan bagian a:

k1 .
X, = A% — > A IBRBT (AT p,

i=0

-1 -1 -
UK:LI o}(AT)lkpz
Sehingga :

1 ‘ N
X, = A%, =3 AYBRBT(AT ) p,

i=0

_ Y A-BRBT(AT ) = (ABRBTAT )+ (BRET)

i=0

I U RS L bl

Maka:

P, = (Goz)_l(Azxo _Xz):{% 1__213} {{
: -1 13

123 246



Cek /simulasi :
-1 1 2 1] —1 1M1 [2 a1=2] [4] [=&] [=
X1:|: 2 2j|xo+ U, = 2 2 :|+|: i‘;i|:|:2j|+|:8i:|:|:g:7li|
3 -1 12 0 | 3 -1)2] [2 O] 5] 1] |& ¥
xzz_% %x1+_2 1_ulz__% %__%+2 1_4_Z:§+4_l£:0
3 - 12 0] 3 1% 12 0| E] &l L& 0

» Bagian c: Kasus closed loop control (free-final state) dengan

1d 2 0
J =10x)x, +=> u’ u,,
c 2 N2 2; k{o ]} k

maka analog dengan bagian a
Kontrol Optimal :

u, =-R'B'S,,(1 + BR'B'S,, ) Ax,
Sehingga:

> U, =-RBTS (1 + BR'BTS, )" Ax,
_ -1 =1 %0 %0 1 0 4 3 2| 8% % B - % A
- -1 0 _546%01 22%m 01 2 2 _546%01 222%01 3 -1)|2
~ _—812%01 soagy 0726, - -uisasy r_ ¥ w1
- _—1358%01 saegf || 162407 s 3 -1l2
_ _7812%01 2001 | Va5 M as0a6 _% % 1
_71358%01 546%01 7116%789 l536%2523 3 -1|2
_ 61 s —0,048
| % | |—0,037

> u, =-R'B'S, (I + BR'B'S,) " Ax,




[-1 -120 o 1o+32200’1—y2 AR
-1 0 0 20 0 1 2 210 20 3 1|2
:__ 20 -20|| %o %o || — Zal!
=20 0 || %0 | 3 -1]2
_ i Do %o | X K1
__82%01 800901 3 1|2
_ 7 - 0,097
___262%6941 - -0,071
> x = AXO-l- BUO _ - % % 1 N 2 1—_—61%2523 _ % . 6735/ 100 _ 1831%0092 N 0,365
3 -112 2 O_ L ‘26%156 1 —122%2523 :Llso%2523 0,903

- % l831%0092 2 1 7358%6941 384%4312 7978%6941 0,00377
> X, =Ax +Bu, = + = + ~
? ' ' { 3 -1 1130%2523 _2 0 7262%6941 972%0092 7716%6941 0,00024

231 Digital Control of Harmonic Oscillator

An harmonic oscillator is described by

X =X,
' X (22
X, == % +U

a  Discretize the plant using a sampling period of T.
Penyelesaian:
Sistem (2.1) dapat ditulis:

%(t) = AX(t) + Bu(t)

0 1 0
dimana:Az{ 5 }danB:{}
-0, 0 1

Diskritisasi dari sistem diatas dengan periode sampling T adalah:
X = AX, +Bu,

dimana:

= AMTD

= n

> A=e =1+




10 0 1 ~—0? 0 0 - * 0
= + , 7L T2, L On psy LI @n T +=
0 1] |-of O 2| 0 - o) O 410 o,

n

Ao =1- (o, TF g (0,T) 4o =cos(o,T)
A =T—la)2T3+la)4T5+~-. :Sin(a)nT)

? 3" g " ®,
A;lz—a),fT+%a);‘T3—éa)§T5+--- = -0, sn(o,T)
A :1—%(@:)2 +%(a)nT)4 4o = cos(w, T)

Jadi,

At cos(,T) o
~o,sin(o,T) cos(w,T)

sin(o, T )]

T T Sm(a)n‘[)
> B®= J'eAT Bdzr = J‘{ COS(a)nT) w {O}dr
0

ol —, sin(w,7) cos c?)nr) !
=T — -
Tsin(a.) - cos(za)nr) 1- cosga)nT)
=] o, = sina()ar; 7) B sinzoar; T)
o| cos(w,7) —n n
a)n 7=0 L a)n -
Dengan demikian, diperoleh suatu sistem diskrit:
sin(w,T) 1- cosgconT)
X = COS(a)nT) X, t . @n u, ...(22)
~wsin(o,T) cos(ooonT) sin(o,T)
L e

With the discretized plant, associate a performance index of
J= 1[< (Xn)? + (x2)2]+ 1%[ (X% )2+ (X2) %+ 2]
—§~—1 N S2\"N E O (X 0, (X Uy
k=0

where the stateis X, = [Xi X,f ]T . Write scalar equations for a digital optimal controller.

Penyelesaian:
Diketahui sistem:

X1 = AX + BU,



s O 1 0
dan J:EXL ! Xy, +£Zx[ . X, +ru?
2 0 s 213 0 q,

=2

Oleh karena S, simetri untuk setiap k, maka misalkan :

S S
Sb Sc

(Lol ST Yoy (Lo ST,

= > + +r

maka:

Ke =[k, k,]=(B"S...A)/5

1 [1—005(wnT) sin(wnT)}{sa s}{ oo gn(wnT)}

2
5 a)n wn Sb ~c

o3[l T (Lo, ST, i )

Matriks plant closed-loop adalah:

11



cos(,T) 1- cos(czonT k,  sin(e,T) 1 cos(cf Tk,
A‘SI :A—BKk = _a)n a)n ] a)n
~w,sin(o,T) sin(o,T )k, cos(w, T)— sin(o,T k,
w, W,
acI cl
Misalkan Af' = { tll tlz} , maka diperoleh persamaan-persamaan skalar:
21 22
all = COS(CO T) M' af|2 — Sln(a)nT) _ 1- COS(C;)nT)kZ :
a, n o,
g - sin(w, Tk, g sin(ew, Tk,
ag = -0, sin(o,T)-——""1; a2 = cos(w, T)-——n 12
W, ),
Selanjutnya,

S S
Ck = ATSkJrlAIfI + Q - {ca Cb:|

~b ~c
sehingga diperoleh :
S, = (COS(a)nT )Sa — W, sm( ) )all ( (0) T)Sb - Sln(w T)Sc )agll +0,
s, = (cos(@,T)s, — o, sin(w,T)s, Jag; + (cos(w,T)s, - w, sin(w,T)s, Ja,
cI +

:(ﬂn(w_nﬂms(a, T)vbj (mmsw)scja;
O)n a)n
sin(w.T)s, o . [sin(o,T)s, d
a)n a)n

Optimal kontrol diberikan oleh persamaan :

= —K\ X,

c. Write aMATLAB subroutine to smulate the plant dynamics, and use the time response program Isim.m to obtain zero-input

state trajectories.
d. Writea MATLAB subroutine to compute, store the optimal control gains, and to update the control U, given the current

state . WriteaMATLAB driver program to obtain tim response plots for the optimal controller.
Penyelesaian:

% Program Digital Control of Harmonic Oscillator

T =0:.05:5;

U = zeros(1,101);

A=[0 ;w2 0]; b=[0;1] ; c= eye(2); d= zeros(2,1);
=[1010];

12



Isim(A,b,c,dU,T,ic);
axis([05060] );

Function u=m(A_d,b_d,q,r,s,N, T x0,C,S)

% Iteras untuk Cost Kernl dan Feedback Gains
For k=N:-:1

C=cos(W*T); S=sin(w*T); w2=w"2;

Div=r + (((1-C1*5(1))/w2 + S*5(2)/w)* (1-C)/w2) + ((1-C1*(2))/w2 + S*s(3)/w)* SIw)) ;

% Feedback Gains

K(k,1) = ((1-CL*S(1))W2 + S*(2))*C - ((1-C1*s(2))w2 + S*S(3)/w)*w*S)/div:
K(k,2) = ((1-C1*s(1))/w2 + S*S(2)/w)* Slw) +((1-C1*S(2))w2 + S*s(3)/w)* C)/div:;

% Closed loop Plant Matrix
Acl(1,1) = C-(1-C*K(k,1)/w2);
Acl(1,2) = Siw-(1-C*K (k,2)/w2);
Acl(2,1) = -w*S-(S*K(k,1))/w;
Acl(2,2) = C-(S*K(k,2))/w;

% Cost Kernel Update

S(3) = (S*s(1)/w + C*s(2))*Acl(1,2)+ (S*s(2)/w+C*(3))*Acl(2,2)+q(2);
temp=s(2);

s(2) = (C*s(1)-w* S*temp)*Acl(1,2) + (C*temp-w* S*(3))*Acl(2,2);

(1) = (C*s(1)-w*S*temp)*Acl(1,1) + (C*temp-w* S*s(3))*Acl(2,1)+q(1);

% Optimal Control

x(:,1)=x0

for k=1:N

% Menghitung Optimal Control
U(k) = -K(k,:)*x(:, K);

% Plant State

X(:, k+1) = A_d* x(:, k) + b_d*u(k);

end

13
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Steady-State Behavior.
In this problem we consider a rather unrealistic discrete system because it is simple enough to alow an anaytic treatment.
Thus, let the plant

. [0 1], .[9], -
kel — 00 k 1 k S
have performance index of
1 Q, 2
J, x T Xy + = z Xy Z %, +ru? (32
215 d, Q3

ok
Find the optimal steady-state (i.e., N — o0 Riccatti solution SOO and show that it is positive definite. Find the optimal
steady-state gain K ; and determine when it is nonzero.
Penyelesaian:

Diketahui plant : X, ., = AX, + Bu,,

01 0
dengan A= © B=
0 0 1

Jka N — o0 maka X, = 0, sehinggaindex performansi dapat dimodifikasi menjadi:

LS (xrox, )
2\
denganQ:{ql QZ}
d, Qs

Persamaan Riccatti :
S =A {Sk+1 —Siu B(BT ScaB+ R)il B'S., }A+ Q

Olehkarena N —> oo dan misdkan S, konvergen, maka S =S, =S, ;.

S S
Misakan S = . maka:
S, S

s=A'ls-H{B'SB+R'B'S|A+Q

14



S ] CE R I R R H
(e D] R L e g

_ |l e — 52 < _ “253
100 res, 7 or+s, {0 1}{011 q2:|
- 2
11 O_':_szs3 c S 00 d, 0,
~2 ~3
7 or+s, r+s,
O d,
- 2
G, G+ -
2T rgg,
O d,
Jadi, S = s,” .(33)
qz q1+*—1_
r+s,

S S
Karena S = , berarti :

=0
S, =0,

2

S
S5 :ql+sl_r_is <:>53("“'53):2(:]1("""53)_(:]2
3

A 532 +(r - 2q1)53 + q22 —2q;r =0

(20, —1)=/(r -2,)° - 4la,” - 2q,r)
2

(2q, - 1)+ /r? +4lg - a,” )+ 4q,r
2

==

==




Oleh karena:
> r>0

> Qadalah matriks definit positif, berarti 0], > O, dan det(Q) = (ql2 = q22)> 0.

ﬂi\/r2+4(q12—q22)+4q1r 0

Dengan demikian, det(S) = (qf - Clzz)_ 2 2

Jadi S adalah matriks definit positif.

K. =K,=(B"SB+R]"B"SA

[ I

o =
r+s,

%
0

S

Berarti K # 0 jika
I+,

# 0, yaitujika S, # 0.

Find the optimal steady-state closed-loop plant and demonstrate its stability.

Penyelesaian:

Misal AS adalah steady-state closed loop plant matrix, maka:

ae_aopre _[0 of, s ][o1|% & | |° =
B *7lo o] |1 Tr+s| |0 o] |0 |70 ——

r+s, r+s,
0 1
xk+1:(A—BKw)xk: 0 —_S2 | %
r+s,

Now the suboptimal constant feedback
u, =-K_ X,
is applied to the plant. Find scaar updates for the components of the suboptimal cost kernel Sk . Find the suboptimal

steady-state cost kernel S and demonstratethat S, = S .

16



Penyelesaian:
Misakan: K, = [k, k,].
maka matriks plant closed-loop adalah:

snm s s 92 1S 4]

cl cl
A cd __ a 11 a 12
Misalkan k d c , maka diperoleh persamaan-persamaan skalar:
a 21 a 22
acI _ aC| _
11— Y 12 —
cl cl
a = _kl a = _kz

Updated cost kernel adalah:

S = ATSA' +Q
B8 03 22 St el ¥
11 0ls s][a) a,| [% %] [S&1+S& Sap+$8,] (4 G
| a o, }
|0, +S8; +Sa, G +Sa,+Sa,
_ o o, }
|0, + G +S,8 G +Ga; +Sa,
Misalkan SOo adalah sub-optimal steady state cost kernel maka:
S, =A"A" +Q
0 1 0 0 o} q
_ O O % SZ ql q2 _ 2 ql q2 _ ’ 2
1 ofls s)|o 2" &] |0 s-——2|"|g o] |64 grs-—2
r+s, 2 r+s, 2 ? r+s,
O d,
Dari persamaan (3.3), S, = 4 O+ - 522
r+s,
Berati S, = S,
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