TWISTED SEMIGROUP CROSSED PRODUCTS AND THE
TWISTED TOEPLITZ ALGEBRAS OF ORDERED GROUPS

SRIWULAN ADJI AND RIZKY ROSJANUARDI

ABSTRACT. Let 't be the positive cone of a totally ordered abelian group T,
and ¢ a cocycle in I'. We study the twisted crossed products by actions of I't as
endomorphisms of C'*-algebras, and use this to generalized the theorem of Ji.

1. INTRODUCTION

Theory of crossed products by semigroups of endomorphisms has been successfully
used to study the Toeplitz algebras [3, 2, 9]. Having the success, it is natural to
extend the ideas into more general contexts. One direction is to the twisted version,
in which the semigroup is implemented as a projective isometric representation by
a given scalar valued cocycle. This has been done by Laca in [7] for a class of
semigroups in real numbers and for unital C*-algebras. He introduced briefly the
definition of twisted semigroup crossed products similar to the way in which the
untwisted version is defined, by way of a universal property with respect to twisted
covariant representations, and then he stated a theorem about characterization of
faithful representations of this crossed products as in [2]. A wide range of twisted
semigroups crossed products have also been studied by Fowler and Raeburn in [5],
but (again) they work with unital algebras.

Here we set up a theory of twisted semigroup crossed product for a class of semi-
groups, which are the positive cones I'" in an arbitrary totally ordered abelian groups
I', and for nonunital C*-algebras. This setting is nicely fit to study the Toeplitz al-
gebras 7,7 of noncommutative tori which was used by Ji in [6]. He worked with a
dense subgroup I' of real numbers. Our goal is to generalize Ji’s theorem. Phillips
and Raeburn have showed a way to do this [11], they gave an alternative proof of
Ji’s theorem by employing a dilation technique. We choose to deal directly with the
twisted semigroup crossed product.

In the first section we begin with the definition of twisted semigroup crossed
products where the semigroups act by endomorphisms on nonunital C*-algebras, it
is required that all these endomorphisms have to be extendible. The construction
and the uniqueness of such crossed products can be done by the same method as in
the untwisted version [2, 10]. We have a theorem about the short exact sequences of
twisted semigroups crossed products, which is similar to those in [2, 10]. In Section
2 we import results from [5] to have a twisted version of [3]: the universal C*-algebra
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C*(T'*, o) for isometric o-representation is a twisted semigroup crossed product, and
that the C*-algebras generated by two nonunitary isometric o-representations are
canonically isomorphic. In the final section we give an application to the Toeplitz
algebra 77. Our results extend Ji’s theorem to abelian totally ordered groups.

We can see from this work that many of the results about semigroups crossed
products and the untwisted Toeplitz algebras extend to the twisted version in very
natural way. This rises a question wether 7,7 has a similar structure to the untwisted
Toeplitz algebra.

2. TWISTED SEMIGROUP CROSSED PRODUCTS

Let I be a totally ordered discrete abelian group with positive cone I'". A cocycle
o on I'is a function o : I' x I' — T satisfies: o(z,0) =1 = ¢(0,z) for z € I', and
o(z,y)o(r+y,z) =0o(x,z+y)o(y, z) for z,y,z € I'. We recall from [1] the notion
about extendible endomorphism. An endomorphism ¢ on a nonunital C*-algebra
A is extendible if it extends uniquely to a strictly continuous endomorphism ¢ of
the multiplier algebra M (A), this happens precisely when there is an approximate
identity (ey) for A and a projection pys in M (A) such that ¢(ey) converges strictly to
py in M(A). An extendible endomorphism satisfies that ¢(ey) converges to ¢(1as(a))
strictly in M (A) for any approximate identity (ey) C A. Every endomorphism on a
unital C*-algebra is trivially extendible.

A semigroup dynamical system is a triple (A,I'", a, o) consisting of a C*-algebra
A which may not be unital, a cocycle o, and an action o of I't on A by extendible en-
domorphisms in the sense that each a, is extendible. An isometric o-representation
of I't is a map V of I'" into the set of isometries Isom(H) on a Hilbert space H
such that V,V, = o(z,y)Vyyy. A covariant representation of (A,I't, o, 0) is a pair
(m, V) in which 7 is a nondegenerate representation of A on a Hilbert space H, and
V' is an isometric o-representation of I't such that m(c,(a)) = Vym(a)V,) for a € A
and z € T'T.

A twisted crossed product for (A, T" «,0) is a C*-algebra B together with a
nondegenerate homomorphism 74 : A — B and a twisted embedding of I't as
isometries ir+ : 't — M (B) which satisfies

(1) covariance relation: i4(c(a)) = ir+(z)ia(a)ip+(z)* for a € A and x € T't.

(2) for any other covariant representation (7, V") of (A,T'", o, o), there is a non-
degenerate representation m x V' of B such that (7 x V) oiy = 7 and
(7T X V) @) ir+ =V

(3) B is generated by {ia(a)ir+(z) :a € A,x € I'T}.

Lemma 2.1. The C*-algebra B is span{ip+(z)*ia(a)ip+(y) :a € A,z,y € T},

Proof. For short, we write ir+(z) as i(x). We only have to show that the set
{i(x)*ia(a)i(y) : a € A,z,y € T} is closed under multiplication. Fix i(x)*ia(a)i(y)
and i(s)*i4(b)i(t). Assume that y < s, and do similar computations for y > s, as
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follow:
i(x)"iala)i(y)i(s —y +y) 1a(b)i(t)
= i(x)"ia(a)i(y)(o(s — y,y)i(s — y)i(y)) ia(b)i(t)
= o(s —y,y)i(x) iala)i(y)i(y)*i(s — y)"ia(b)i(t)
= ols —y,y)i(z)"iala)ia(@,(1))i(s — y) ia(b)i(t)
= o(s —y,y)i(x) ialaay(1))i(s — y)"ia(b)i(t)
= o(s—yy )z(x)*z( y) ia(s—y(ac,(1)))ia(b)i(t)
Q1) = ols—yp)al — g )ils v+ 2)"ialsy 0w, (1)),

O

Proposition 2.2. If a dynamical system (A, T, «, 0) has a nonzero covariant rep-
resentation, then there exists a crossed product for the system, and it is unique up
to isomorphism.

Proof. The proof is exactly the same method as in the untwisted version [1, 10].
A covariant representation (w,V) on H is cyclic if the C*-algebra generated by
m(A)UV(I'") has a cyclic vector. Two cyclic representations are equivalent if there
is a unitary intertwining their images.

Every covariant representation (7, V') of (4, T't, a, 0) is equivalent to a direct sum
of cyclic covariant representations. Take a set S of cyclic covariant representation
with the property that every cyclic covariant representation of the system is equiv-
alent to an element of S. Define i4(a) = @rvyesm(a) for a € A, and ip+ () =
B(rvyesVy for o € T'M. Then the C*-algebra B generated by is(A) U ip+(I'M),
together with i4 and ir+ is a crossed product for the system.

It is unique because if (C,ja,jr+) is another crossed product for the system,
then the homomorphism j4 X jp+ : B — C from part (2) of the definition is an
isomorphism such that (ja X jr+)oia = ja and (ja X jpr+) 0 ir+ = Jr+. O

Remark 2.3. Denote the crossed product for (A, I'", o, 0) by Ax, ,I't. If (A, T, a,0)
and (B,T'", 3, 0) are two dynamical systems, and ¢ : A — B is an isomorphism such
that ¥(a,(a)) = B.(¢(a)) for all a € A and z € T'", then A x,, 'T is isomorphic to
B XB.o .

Lemma 2.4. Suppose (A,T", «,0) and (A,TT, a,w) are two dynamical system,
which have nontrivial covariant representations, and that (o] = [w] in H*(T,T).
Then the crossed product A X, , 't is isomorphic to A X4, I'T.
Proof. Since [o] = |w], there is a function v of I' to T such that v(0) = 1, and that
o(z,y) = V"((xx)jég)w(a:, y). Let i4 and ip+ be the canonical embedding of A and I'" into
M(AXno ). If jp+ : T'F — M(A X4, '"), which is given by jr+(2) = v(z)ir+(z).
Then jr+(z)*jr+(z) =1 for all z € T'", and
e (@)jre(y) = v(z)v(y)o(z,y)ir(z +y)

_ v(x)v(y) :

- ym+y)a(m’y)zf+(x+y)

= w(z,y)ip+(z+y) forz,y e,
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So (A Xae T4, jr+) is a crossed product for (A, I'", a,w). Therefore A X, , ' is
isomorphic to A X, I'T. O

We recall again from [1] the definition of extendible invariant ideals in C*-algebras.
Suppose « is an extendible endomorphism of a C*-algebra A. Let I be an ideal of
A, and ¢» : A — M(I) the canonical nondegenerate homomorphism defined by
Y(a)i = adfora € Aand i € I. It is a-invariant if a(I) C I. An a-invariant ideal
I is called extendibly a-invariant ideal if for an approximate identity (uy) C I we
have a(uy) converges strictly to ¢ (@(1ar(a))) in M(I).

Now given a dynamical system (A,T'", «, o) by extendible endomorphisms, and
an ideal I of A, it was proved in [1] that there is a system (A/I,T'" &, 0) with
extendible endomorphisms &, (al) = a,(a)l for all a € A and z € T'F.

Theorem 2.5.

Suppose (A, T, «,0) is a system with extendible endomorphism, and I is an ex-
tendible invariant ideal of A. Let (A Xoo 'V, ta, jr+) be the crossed product for
(A,T", «,0). Then there exists a short exact sequence

(2.2) 00— I Xao T =2 A xoo I -5 AJT xq, T — 0,
where ® is an isomorphism of I X o, I'" onto the ideal
D := span{jr+(z)*tala)jr+(y) :z,y €T i € I} of A xoo I'T.

Proof. The same proof of untwisted version in [1, Theorem 3.1] and [10, Theorem1.7]
works. By doing the similar computations to 2.1 on the generators, we see that D
is an ideal of A X, ,I'". Let 8 : AXo, " — M(D) be the nondegenerate canonical
homomorphism. Then (D, 3 o t4|7, 3 o jr+) is a crossed product for (I,TF, a,0):
[Boua|r is nondegenerate because I is an extendible ideal. So there is an isomorphism
® := Bou4|; x Bojp+ which gives the first half of (2.2).

Now the homomorphism ¥ : A x,, ' — A/I x5, ' that satisfies the second
half would be t4/; © ¢ X kp+ where ¢ is the quotient map and (ta/s, kp+) are the
canonical homomorphisms of A/I and I'" respectively into the crossed product
A/I x4, '". The kernel of Lta/1 ©q % kr+ certainly contains D. To see that it is D,
take a representation p of A X, , I'" with kernel D. Since ker(pot,) is I, there is a
nondegenerate representation 1 of A/I such that the pair (1, p o jr+) is a nontrivial
covariant representation of (A/I,T'", &, 0,). Therefore A/I x5, " exists, and there
is a nondegenerate representation © := nxpojp+ of A/I x4 ,I'" such that Oo¥ = p.
Thus ker ¥ C D. 0

3. THE SYSTEM (Br+,I't,1,0)

Suppose I' is a totally ordered abelian group with positive cone I'"', and let o be
a cocycle on I'. Consider the C*-subalgebra Br+ of ¢*°(I") spanned by the functions
{1, € £°°(T') : x € T}, where

(1 ify>a,
La(y) = { 0 otherwise .
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For each 2z € T'", the left translation on ¢>°(T") restricts to an action 7 of I'" by
endomorphisms on Br+ such that 7,(1,) = 1,4,. Since Br+ has a unit 1y, hence
every endomorphism 7, is extendible. The system (Br+,'",7,0) has a nontrivial
covariant representation, which can be constructed directly or use [8, Remark 2.5]
alternatively.

Fowler and Raeburn showed in [5] that the C*-algebra Br+ x,, 't is one of the
crossed product by a product system. Their results in §4 implies that Br+ x,, ['"
has a property which is an analogue to the untwisted version in [3]. It is universal
which characterizes the C*-algebra C*(I't,o): every isometric o-representation V'
of I't gives a faithful representation of Br+ X,, I'" precisely when all of V, are
nonunitary. We want to discuss and translate the theorems into our setting.

3.1. Discrete product system over I't. A discrete product system E over I'" is
a family of complex finite dimension Hilbert spaces {E, : 2 € 't} on which there is
an operation satisfying:

(i) for each z,y € I't, there is a bilinear map (u,v) € E, X E, — uv € E,,

such that E,F, spans a dense subset of F,;

(i) associativity: (uv)w = u(vw) for every u,v,w € F; and

(ili) (ww'|vv’) = (u|v)(v'|v") whenever u,v € E, and «/,v" € E,,.
Note that (i) and (iii) imply that the map u® v € E, ® E, — wv € E,, extends
to a unitary operator from E, ® E, onto F, .

Ezxample 3.1. Let E, be the Hilbert space of complex numbers C for all x € T',
then {E, :€ T'"} is a product system with the operation defined by (u,v) € E, x E,
maps to the usual multiplication of complex numbers wv € FE,4,. It is denoted
by I't x C. Now given a cocycle ¢ on I'. Then a family of Hilbert spaces of
complex numbers {E, :€ I'"} becomes another product system, with the twisted
multiplication: (u,v) € E, x E, — o(xz,y)uv € E,y,. This system is called the
product system I't x C twisted by o, and is denoted by (I't x C)?.

A representation of a discrete product system E on a Hilbert space H is an
operator valued map ¢ : £ — B(H) such that
(i) p(uv) = ¢(u)p(v) for u € E, and v € E,
(ii) ¢(v)*¢(u) = (u|v)] whenever v and v contained in the same E,.
We use notation ¢, for the restriction of ¢ to the fiber £,. Thus the condition (i)
means that ¢, (u)p,(v) = ¢y, (wv) for u € E, and v € E,. It was shown in [4, p.§]
that each of ¢, is a linear map.

Lemma 3.2. A representation ¢ of the product system (I't x C)? corresponds to an
isometric o-representation x € I't — ¢, (1) € B(H) of T'".

Proof. Suppose ¢ is a representation of E = (I'" x C)?. Then for every x € T'T,
the linear map ¢,(1) is an isometry because (¢.(1))*¢.(1) = (1|1)] = I, and [ =
Po(1)*¢o(1) = ¢o(1)*Po(1)¢o(1) = do(1). Moreover ¢,(1)¢,(1) = duiy(o(z,y)1) =
o (%, Y)paty(1) for z,y € I't. Therefore the map z € I't — ¢,(1) € B(H) is an
isometric o-representation of I'".

Conversely, suppose V : ' — B(H) is an isometric o-representation of I'". Then
let ¢ : E — B(H) be defined by ¢(\) := AV, for A € E,. It is a representation of E:



6 SRIWULAN ADJI AND RIZKY ROSJANUARDI

G2(N)@y(n) = MViVy = o(z,y)AnVery = dory(o(z,y)An) for A € E, and n € Ey,
and ¢, (A)*¢z(n) = AV V. = (n[A)1. 0

Remark 3.3. Tt was proved in [4, Proposition 2.7] that a representation ¢ : £ —
B(H) of a product system FE induces an action v* : I't — end(B(H)) of I'* on
B(H) by endomorphisms such that

¢(E,) ={T € B(H) : v?(S)T = TS for each S € B(H)},

and if {u; : 4 =1,2,---  n} is an orthonormal basis for E, then the endomorphism
7¢ is given by the sum

(3.1) 12(S) = Z%(ui)scb(ui)i for S'€ B(H).

3.2. Semigroup crossed products by product systems. Consider a system
(A,T", «, F) consists of a unital C*-algebra A, an action « of T't on A by en-
domorphisms, and a product system E over I'". A covariant representation of
(A,T", o, E') on a Hilbert space H is a pair (7, ¢) where 7 is a unital representation

of A and ¢ is a representation of £ on H such that moa, =207 forx € I'". If
{u; :i=1,2,--- ,n} is an orthonormal basis for F, then this is equivalent to
(3.2) m(az(a)) =Y du(wi)m(a)de(u;)* for z € T, a € A.

i=1

A crossed product for (A,I'", o, E) is a C*-algebra A X, g I'" together with a unital
homomorphism ig : A — A X, gI'" and a representation ig : E — A X, " satisfy
(1)ifae A,z € T and {u; : i = 1,2,--- ,n} is an orthonormal basis for F,,
then ia(az(a) = >0 ip(w)iaip(w)*
(2) for every covariant representation (m,¢) of (A, T't «, E), there is a unital
representation 7x ¢ of Ax, gI't such that (7 x¢)oiy = 7 and (7 X p)oig = ¢
(3) the C*-algebra A x, g I't is generated by is(A) Uig(E).
Such crossed product always exists provided the system has a covariant representa-
tion, and it is unique up to isomorphism [5, Proposition 2.6].

Lemma 3.4. If E = (I'" x C)?, then covariant representations of (A, T, a, E) are
covariant representations of the system (A, T, «,0). Therefore A X5 ' is the
twisted semigroup crossed product A X o, I'T.

Proof. Let (m, ) be a covariant representation of (A,I'", a, (I'" x C)?). By Lemma
32, x € Tt — ¢,(1) is an isometric o-representation of I'*. Fach E, = C
has orthornormal basis {1}, hence the covariant condition in (3.2) is 7(a.(a)) =
¢()m(a)p,(1)* for all @ € A and x € T'", which is the usual covariant property of
a representation of (A, I'", «, o).

Consequently if (ja,jry) is the canonical covariant pair of (A, Tt «,0) in the
crossed product A X,, I'", then jgp : E — B(H) defined by j.(u) = wujr+(x) for
u € E, is a representation of F. The pair (ja,jg) satisfies the following relation:

jalaz(a)) = jr+ ()ja(a)jre (¥)" = jo(1)jala)jz(1)" for z €T a € A.
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So (A Xao I'f,ja,jE) is a crossed product for (A,I't,a, E), and hence by the
uniqueness property A X, r+xcye I'T is isomorphic to the twisted crossed product
AXyo T, O

We can see from this lemma that Br+ X, i+ xc)e 't is the twisted crossed product
Br+ %X;, I't. The Proposition 4.1 [5] proves that each representation ¢ of E =
(I x C)? induces a representation 74 of B+ such that m4(1,) = v2(I) and that
the pair (7, @) is a covariant representation of (Br+,I't, 7, E) = (I'" x C)?). And
the representation my is faithful iff II}_, (I — % (I)) # 0 for every finite subset
{x1,29,- -+ ,2,} of T'" containing nonzero element.

Since we have seen that representations ¢ of E = (I't xC)“ correspond to isometric
o-representations V' of I'" given by V, = ¢,(1), it follows that there is a pair of
covariant representation (my, V) of (Brp+, ", 7, 0) such that 7y (1,) = 1¢(1) = V,V,
and that 7y is faithful iff TI}_, (1 -V, V;* ) # 0 for every finite subset {1, zo, - -,z }
of I'" containing nonzero element, which is equivalent to V, is nonunitary for all
z. So we now translate Proposition 4.1 and Theorem 5.1 of [5] into the next two
propositions.

Proposition 3.5. (1) For any isometric o-representation V of Tt on H, there
is a representation my of Br+ such that the pair (my, V) is a covariant rep-
resentation of (Bp+,T'", 7,0). If V, is nonunitary for all x # 0, then my is
faithful.

(2) Br+ X,, 't is generated by {ir+(x) : @ € T't}; it is the closure of

span{ip+(z)ir+(y)* : z,y € T}
(3) The homomorphism ip_, : B+ — Br+ X, 4 't is injective.

Proposition 3.6. If V is an isometric o-representation of I't, then my x V is an
isomorphism of Br+ X,, 't onto the C*-algebra C*(V,, o) generated by isometric
o-representation of T'" if and only if V is nonunitary.

As a result the C*-algebras generated by two isometric o-representations V' and
W of nonunitary isometries are canonically isomorphic:

Corollary 3.7. Let T be a totally ordered abelian group with its positive cone I'", and
let o be a cocycle on I'. If V and W are two nonunitary isometric o-representations
of Tt. Then the map V, — W, extends to an isomorphism of C*(V,, o) onto
C*(Wy, o).

Proof. The map (my x V)™ o (my x W) is, by Proposition 3.6, an isomorphism of
the C*-algebra C*(V,, : @ € I'") onto C*(W, : « € I'") such that V,. is mapped into
W, for all x € T'T. O

4. GENERALIZATION OF JI'S THEOREM

We now recall the algebra studied by Ji in [6]. Suppose I'* is a totally ordered
abelian group with positive cone I'", and o is a cocycle in T satisfying o(z, —x) = 1
for all z. For z € I't, let T, be an isometry on ¢?(I'") defined by

_Joo(—y, o) fly—x) fory>x
(4.1) T.f(y) = { 0 fr 02y <a
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Each T, is a nonunitary isometry, and 7,7, = o(z,y)Ty4, for all z,y € T't. Let
77 be the C*-algebra generated by {T, : x € T'T}, it is called the twisted Toeplitz
algebra.

Remark 4.1. Notice that T : x — T, is a nonunitary isometric o-representation
of I't, by Corollary 3.7 the twisted Toeplitz algebra 7,7 is universal for isometric
o-representation of I'". This generalizes Theorem 1 (1) of Ji [6] in the case I is a
dense subgroup of real numbers. Part (ii) of his theorem can also be recovered from
our results: 77 is isomorphic to Br+ X, ['", and which is independent of the choice
of representative o for the class o by Lemma 2.4.

To obtain the exact sequence as in the part (iii) of Ji’s theorem, we apply our
exact sequence of twisted semigroup crossed products. Consider the ideal Bp+ o 1=
span{l, — 1, : # <y in I'"} of Br+. It was proved in [2| that Br+ . is an extendible
T-invariant ideal of Br+ (an approximate identity (1o — 1,),er+ satisfies 7,((1p —
1y)yer+) — 1y = 7,(1o) strictly in M (Br+ )). So Theorem 2.5 gives the following
exact sequence:

(4.2) 0 — Bri oo Xro I == Bri Xpg I'" =5 Bri /Bri o X5 " — 0.

We claim that Br+/Br+ o X7, ' is the twisted group C*-algebra C*(I', o) gen-
erated by unitary o-representation of the group I'. To see this, note that € : f €
Br+ — lim,eo f(x) € C induces an isomorphism € of Br+/Br+ o onto C such
that é(7.(f)) = e(f) for all z € T't and f € Bp+. Therefore the two systems
(Br+/Br+ 00, I't,7,0) and (C,I'",id, o) are equivalent. Hence Br+/Br+ o X7, 't
is isomorphic to C Xiq, I'". Since covariant representations of (C,I'",id, o) are in
one to one correspondence to unitary o-representations of the group I', it follows
that C Xjq, I'" is the twisted group C*-algebra C*(I', o). Thus Br+/Br+ o X7, 't
is indeed isomorphic to C*(T', o) as we claimed.

Lemma 4.2. The isomorphism np X T' of Br+ X, 't onto 77 takes Br+ o X+ o '"
to the twisted commutator ideal CZ of TY generated by the subset

{T.,T, — o(x,y)o(y,x)T, T, : x,y € I'} where T, :== T~ for x <O0.
Proof. Note that the ideal ®(Br+ o X, ") in 4.2 is
D :=span{ip+ (z)*ip , (1. — Ly)ir+ (y) - 2,9, 2,0 € I, 2 < w}.

Since the isomorphism 77 x T takes ip_, (1) to T, T, and ip+(z) to T, it follows
that the ideal mp x T'(D) is

(4.3) span{ T (T.T; — T,T.)T, : x,y,z,w € I'" 2z < w}.

We want to show that (4.3) is the twisted commutator ideal CZ.

By the property of cocycle, we can see that 1,7, — o(z,y)oy, 21,1, = 0 when =
and y are both positive, and also when z and y are both negative. So the ideal C{
of 7,7 is generated by

T, = T.T, — o(x,—y)o(~y,z)T, T, : x,y > 0}.
We prove Cf is contained in wp X T(D). For this we show that T, T is equivalent
to o(—y, )T, T, modulo 77 x T(D) for all x,y € T'*. If v > y in I'*, then T, T, =
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o(x —y,y)T,—,/T,T,, which is equivalent to o(z — vy, y)T;—, because T, T, — 1 lies in
7w X T(D). By doing some computations involved only the property of cocycle, we
see that

oz —y, )Ty = oz —1y,1y) YT,y =0(x—y,y)oly, v —y) T, T,
= ol —y.yoly,~y+ x)T*T
= [o(z,—y)o(—y,y)o(z,0)][o(y, —y)o (0, x)o (—y, 2)|T; T,

= o(z,—y)o(~y,z)T,T,.

So T, T, is equivalent to o (v, —y)o(—~y, )T, T, modulo 77 x T(D). Hence the gen-

erator [1,T,)] = T,T; — o(x, —y)o(—y, )T, T, belongs to 7 x T(D) for all x > y.
If z <y in I'" then from the previous case we know that [T, 7,], is an element of

mp X T(D). Since our group is abelian, (z,y) — o(z,y)o(y, =) is a homomorphism
in both variables, which implies o (y, —z)o(—x,y) = o(—y,z)o(z, —y). Therefore
T, T, € mr x T'(D) if and only if [T,,T,], € mp x T(D). Thus C7 is contained in
T X T(D)

Conversely, for any z < w in I't, we write T,7 - T, 7% = (T.7F - 1) — (T, T — 1),
and since T,7F — 1 = T.TF — o(—=z,2)0(z, —2)T T, is an element of CZ, it follows
that 77 x T(D) is contained in CZ. O

So Theorem 1 (iii) of [6] is recovered from the next corollary.

Corollary 4.3. Let I' be an abelian totally ordered group, and o a normalized two-
cocycle of T into T. Suppose T is the twisted Toeplitz algebra, C7 is the twisted
commutator ideal of T, and C*(I',0) is the twisted group C*-algebra. Then there
1 a short exact sequence of C*-algebras:

0 —C — 77 — C*"(I',o) — 0.
Proof. 1t follows from Remark 4.1 and Lemma 4.2. U
Corollary 4.4. IfT" is an Archimedean group, then C{ is simple.

Proof. Suppose T is a nonzero ideal in CZ ~ Br+ o, X., I['". Let 7 be a faithful
representation of Br+ X, , I'" such that kerm = Z. An application of Proposition
3.5 shows that 7 = py x W for an isometric o-representation W of I'*. Since
m = pw X W is not faithful, by Proposition 3.6 there exists a nonzero x € I'" such
that W, W* = 1. For y € I't| the Archimedean hypothesis implies 0 < y < nx for
some n € N Notice that I — W, Wy < I — W, Wy and W,,,W, =1, the isometry
W, must be unitary for all y € I'*. So the representation py, vanishes on Br+
because py(1s — 1;) = W W — W,W; = 0 for s < t € I'". Therefore we have
pw X W =0 on Br+ o X;o I't. Thus Br+ o X7, ['7 >~ CZ is contained in Z, hence
Cf is simple. O
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