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Abstract. Analytical expressions of transmission coefficient and tunneling time of
electrons incident on a heterostructure grown on an anisotropic material are
derived by solving the effective-mass equation including off-diagonal effective-mass
tensor elements. It is assumed that the direction of propagation of the electron
makes an arbitrary angle with respect to the interfaces of the heterostructure and
the effective mass of the electron is position dependent. The analytic expressions
are applied to the Si(110)/Sio.7Geo.s/Si(110) heterostructure, in which the SiGe
barrier thickness is several nanometers. The calculated results shows that the
transmission coefficient and the tunneling time are depend on the valley and it is
not symmetric with the angle of incidence.
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1 Introduction

The tunneling phenomenon through a potential barrier has been discussed for last
half century and also is of present day interest in the study of charge transport in a
heterostructure. Paranjape has studied tunneling time and transmission coefficient
of an electron in an isotropic heterostructure with different effective masses [1].
Kim and Lee have derived the electron tunneling time, post-tunneling position and
transmission coefficient in a heterostructure barrier grown on anisotropic materials
including off-diagonal effective-mass tensor elements [2]. In this paper, we report a
theoretical study on the direct tunneling time and transmission coefficient of an
electron in a heterostructure with nanometer-thick barrier grown on an anisotropic
material with electron propagation direction making an arbitrary angle with respect
to the interfaces of the heterostructure.

2 Theoretical model

In order to study the behavior of an electron in an anisotropic heterostructure, we
must solve the Schrodinger equation :
Hy(r) = Ey(r), (1)
where
1

-5 pTa(r)p+ V(). 2)
mg

H

is the Hamiltonian, mo. is the mass of free electron, p is the momentum vector,
(1/mo)a is the inverse effective-mass tensor and V(r) is the potential energy.
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Figure 1 shows the potential profile in the normal direction (z direction) to the
layer. The electron is incident from region I to potential barrier. The effective mass
of the electron and potential are dependent only on the z direction. & is the
potential barrier height due to band discontinuity of Si(110) and Sio.7Geo.s and d is
the barrier width. The wave function of the effective-mass equation with the
Hamiltonian of Eq. (1) is given as [2]:
Y(r) = p(z)exp(-iyz)lexplikxx + kyy)), 3)

where

kyaxy + kyayz
=== )
Aazz
is the wave number parallel to the interface. By substituting Eq (2) into Eq (1) it is
found that @(2) satisfies the one dimensional Schrédinger-like equation:

w2 d2p(z)
2mg zz)l sz

where the subscript [ in az.,1 denotes each region in Fig. 1. Energy in the z direction
can be then written as

+V(z)p(z) = Ez9(2) )

72
E,=E- S Bikik (6)
i 2mo i jchy) D '
where
72
E = > —a: 1kk., (7)
i,jefy,z 2mo U171
a. . a._.
—q. 24
Bij_al_] gy s (8)

and q; is the tensor elements associated with the inverse effective mass tensor.
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Fig 1. The model used in the numerical calculation

The time-independent electron wave function in each region is :
¥i(z)= (Aelklz + Beilklz )ei(wlz)e_(lkxx+lky y) forz<0, 9)
Tk, (2)dz

z . . .
w,(7) = (Ce 279 | ped o W22 ~likxxtikyy) for 0 <z < d, (10)
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ey foom) e
Wa() = Fe Se (ivy2) (ks rikyy) forz > d. (11)

The incident wave Aexp(ikiz) has the wave number k; expressed as

1
. {zmoEz 1 }/2,

1717 ,2 (12)

Azz,1
where E is smaller than the barrier height ®. The wave numbers k2 and ks are
given as follows

1

be

2m, a
k= -l ¥ (By,1 By 2)kikyp > (13)
e Ygzz0 22,2 Azz,2 Lielxy) +° ’
1

2
ky = {20oPz 1 [, (14)
n> Azz]
with the continuity conditions of the wavefunction at z = 0 and z = d given by [2] :
Yz = 07) = yy(z = 07), (15a)
L G oo dwy o dyy
m, zx,]l 4, zy,l 4z zz,l 4, o~
1 dy, dy, dy,
=—|a —= +a —=< +a —= , 15b
mg { zX,2" 4, zy,2 4z 22,2 4, Lo+ (15b)
wolz=d7)=ygz=d"), (15¢)
1 dy, dyy dy,
mg {QZ&Q dz 2Ty Yz2 g _
z=d
1 dyg dyg dyg
=—/a —+a —=+a — . 15d
m, { zx,1 4, zy,1 4z zz,1 4, st ( )
With these boundary conditions we obtain the transmission amplitude Ta as :
Ta = Gexp(ig) , (16)
where
2k k.
G- 172 7 (17)
(P2 sinh?(u) + 0% cosh?(w))/ 2
is the amplitude of Ta,
_1 P
@ = {tan l(ajtanh(u)} —kgd +(y; —vp)d (18)
is the phase of Ta,
Azz1 .2 9222 .0
P=[a—k1 _a_kQ s (19)
22,2 zz,]
Q=2kk,, (20)

u=kod. 21)
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The transmission coefficient is easily obtained from

T =Ta'Ta. (22)
The direct tunneling time of an electron through the square barrier is [2]:
opky)
Tp =0 ! [ 3V idl, (23)
kg a,3| kg

Substituting Eq. (18) into Eq. (23), for energies lower than the potential barrier, we
get

m 1
__o
t
hkS Uzl
[ 2 2
a
k2K2| 22l L |k ¥ 2Bl | | D222 44 Ginhok,d)
172| 4 1| 4 a 2 2
ZZ,2 ZZ,2 ZZ,l

ke, |42k cosh? (ic,d) + P2 sinh? (e, d)]
(24)

[04
2k2k,d 221 p
174
B zz,2
ko [4kcfkcs cosh(cyd) + P sinh? (k)]

3 Calculated results and discussion

Referring to Fig. 1, a strained Sio.7Geo.s potential barrier (region II) is grown on Si
(110) in region I or III. The width of the barrier is 50 A and the band discontinuity
is taken as 216 meV [2].

There are four equivalent valleys in the conduction band of Si (110). The effective
mass tensor elements of these four valleys are not the same. There are two groups
of valleys in Si (110) and Sio.7Geos. The inverse effective masses used in our
example are related to the tensor elements aj in Table 1 [3].

Table I. Tensor elements (aj) used in the numerical calculation.

Valley Region I, III Region II
1 526 O 0 5.91 0 0
0 3.14 2.12 0 3.86 245
0 2.12 3.14 0O 245 3.86
2 526 O 0 5.91 0 0
0 3.14 -2.12 0 3.86 -2.45
0 -2.12 3.14 0 -245 3.86

Figure 2 shows the chosen coordinate system. We take the position where the
electron hits the barrier as the origin of the coordinate system. In the spherical
coordinate system shown in Fig. 2, Eq. (7) becomes
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E =
2mo

xqa kzsin26cos2¢) +a kQSinQGSinQ(o +a__k%cos20
xx1 yyx1 zz1 (25)

Q(ny IRQSiHQGCOS(DSin(D +a leSiI’IQGCOSBSin(D
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Fig 3. The transmission coefficients for the angle of incident varying from -90° to
90° with incident energies of 150 meV and 200 meV

We calculate the transmission coefficient for the incident angle of k (the wave
vector of incident electron) varying from -90° to 90° with incident energies of 150
meV and 200 meV and the results are plotted in Fig. 3. Although the incidence
angles are 0 and ¢, but we fix ¢ to /2 for simplicity. It can be seen that the
transmission coefficient for the incident energy of 200 meV is higher than that for
the incident energy of 150 meV. This is because electrons have energy high enough
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to tunnel the barrier. For all valleys, the transmission coefficient is maximum not
for normal incident but at the incident angle of about 10°. This is due to fact that
motions in the x and y directions are not independent of that in the z direction, but
they are mutually coupled by the off-diagonal effective-mass tensor elements [4].
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Fig 4. The tunneling time for the angle of incident varying from -90° to 90° with
incident energies is 150 meV

The tunneling time versus incident angle is given in Fig.4. We see that the
tunneling time depends on the valley where the electron belongs and the incident
angle of k. It is noteworthy that, in all valleys, the tunneling time is not symmetric
with the change of sign of the incidence angle (6—-6), which confirms the
anisotropy of the material. For the valley 1, the tunneling time has a primary peak

at the angle 0 of -60° for the incident energy of 150 meV while the secondary peak

occurs at the angle of about 0° for the incident angle of 200 meV. For the valley 2,
electron with the incident energy of 200 meV have the longest tunneling time at 6 =

0°. If the incident angle increases, the next peak of the tunneling time takes place
at 6 = 60° for the energy of 150 meV.

4 Conclusion

We have derived analytical expressions of the direct tunneling time and
transmission coefficient of an electron in a nanometer-thick square barrier grown
on anisotropic materials under non-normal incidence. We included the effect of
different effective masses at heterojunction interfaces. The boundary condition for
an electron wave function (under the effective-mass approximation) at a
heterostructure anisotropic junction is suggested and included in the calculation.
The calculation is done with a Sio.7Geo.s potential barrier grown on Si (110). The
calculation shows that the transmission coefficient and the tunneling time depend
on the valley and it is not symmetric with the angle of incidence.
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